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Abstract 


We investigate the holographic Rényi entropy for two-dimensional M = (2,2) superconformal field theory 
(SCFT), which is dual to M = 2 supergravity in AdS3 background. In SCFT we have the stress tensor, 
current, and their supersymmetric partners, and in supergravity we have the graviton, vector field, and two 
gravitinos. We get the Rényi mutual information of two short intervals on complex plane in expansion by 
the cross ratio x to order zt, and Rényi entropy of one interval on torus in expansion by q = exp(—27/L), 
with 8 being the inverse temperature and L being the spatial period, to order q?. We calculate in both the 
supergravity and SCFT sides, and find matches of the results. 
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1 Introduction 


Holographic entanglement entropy [IB] is an interesting subject in the investigation of AdS/CFT (anti-de Sit- 
ter/conformal field theory) correspondence [3}6]. To calculate the entanglement entropy one can use the replica 
trick, calculate the n-th Rényi entropy with n € Z and n > 1, and take the n —> 1 limit to get the entanglement 
entropy [7/9]. Rényi entropy is not only a tool to calculate the entanglement entropy but also interesting in its 
own right, and one can directly investigate the holographic Rényi entropy [TOHI6]. 

Quantum gravity in AdS3 background with cosmological constant A = -4 and small Newton constant Gy 
is dual to a two-dimensional CFT with a large central charge 


3R 


= er 


(1.1) 


There are many investigations of holographic Rényi entropy in AdS3/CFT 2 correspondence [O 3HI5]E8SH34]. 
In gravity side, one can not only get the classical part [4525] but also use the partition function of Einstein 
gravity in handlebody background 37| and get the one-loop corrections [I5]. In CFT side one can use the 
operator product expansion (OPE) of twist operators to calculate the Rényi mutual information of two short 
intervals on complex plane [I0|[T3)[T8)[19], and use the low temperature expansion of density matrix to calculate 
the Rényi entropy of one interval on torus with low temperature [24][25]. 

In this paper we investigate the holographic Rényi entropy in another kind of AdS3/CFT»2 correspondence, 
the dual between the M = 2 supergravity in AdS3 background and the M = (2,2) superconformal field theory 
(SCFT). In supergravity side we have the fields of graviton, vector and two gravitinos, and we denote them by 


g, v and w, respectively. Correspondingly, in SCFT side we have the stress tensor T, T, current J, J, and their 
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superpartners G, G, H, H. Note that the duality between the bosonic part of the supergravity with only graviton 
and vector field and the bosonic part of the SCFT with only stress tensor and current is self-consistent, and we 
will also consider the holographic Rényi entropy in such a correspondence. 

The remaining part of this paper is arranged as follows. In section 2] we investigate the Rényi mutual 
information of two short intervals on complex plane. In section B| we consider the Rényi entropy of one interval 
on tours with low temperature. Then there is the conclusion and discussion in section [4] In appendix [A] we 


review some details of the M = (2,2) SCFT. In appendix [B] we give some useful summation formulas. 


2 Rényi mutual information of two intervals on complex plane 


In this section we calculate the Rényi mutual information of two short intervals on complex plane. In other 
words, we have the ground state SCFT on space of one-dimensional infinite straight line. We expand the Rényi 
mutual information by the small cross ratio x to order zt. In gravity side we use method in [I5], and in CFT 


side we use OPE of twist operators in [L0)[18}T9}. 


2.1 Supergravity result 


The classical part of the holographic Rényi mutual information only depends on the classical configuration of the 


gravity background, and so it is the same as that of pure Einstein gravity. The result can be found in 


e(n—1)(n+1)?a2? e(n—-1)(n+1)22?_ ce(n-— 1)(n + 1)?(1309n4* — 2n? — 11)a4 


[cl = ae es ae 
e 144n3 144n3 207360n7 


+0O(a@°). (2.1) 


To calculate the one-loop part of the holographic Rényi mutual information to order x*, we need the contributions 
of the consecutively decreasing words (CDWs) and the 2-CDWs [I5]. The one-loop part depends on the field 
content of the gravity theory. For the graviton g we have [I5] 


(n + 1)(n? + 11)(3n4 + 10n? + 227)24 
3628800n7 


1-loop _ 
Ing = 


+ O(2°), (2.2) 


for the vector field v we have 


(n+ 1)(n? +11)z? (n+ 1)(23n* + 233n? — 40)x? 
720n3 15120n5 
(n + 1)(2129n® + 20469n4 — 6285n? + 2695)x* 
e 1451520n7 


ea (2.3) 


+ O(a"), 


and for the two gravitinos ¢ we have 


poop _ (n + 1)(2n4 + 23n? + 191)2 fi (n + 1)(33n® + 358n4 + 2857n? — 368)x+ 


5 
nh 30240m 302400n7 TOW): (aa 


2.2 Contributions of T in SCFT 


Using the replica trick we get the n-fold of the original SCFT, which we call SCFT”. In SCFT” we use OPE of 


twist operators to calculate the partition function, and the Rényi mutual information turns out to be 


In = 


2 
log D ag dic" ® oFi (he, he; 2hK; 2) , (2.5) 
n—1 K 


where the summation of K is over all the linearly independent orthogonalized holomorphic quasiprimary operators 


®x in SCFT”. Here ag, dg, hg are, respectively, the normalization factor, OPE coefficient, and conformal 
y 
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Table 1: To level 4 the holomorphic quasiprimary operators in SCFT” with contributions of only T. We follow 
the convention in [31] and omit the replica indices that take values from 0 to n — 1. Note that the 4th column 
agrees with the counting in (2.6). 


weight of Pg. Note that there is a factor 2 in the right-hand side of (2.5), and this concerns the contributions 
from the anti-holomorphic sector. 

In this subsection we repeat the calculation in [19], with the contributions of only the vacuum conformal 
family, i.e. the contributions of operators that are constructed solely by T. To level 4 the SCFT” quasiprimary 
operators we have to consider are counted as 


1 
(l—2)x(o) +2=14 nx? 4 Mn++ oa”), (2.6) 


with (9) in (A1), and they are listed in table [] For these quasiprimary operators we have the normalization 


factors 
c c(5c + 22) a 
a1 1, aT 2? QA 10 > ATT 4’ ( 7) 
and the OPE coefficients 
n?—1 (n? — 1)? j 1. 1 (n? — 1)? 
di =1, dr = —— =, d}? = —_—_, 2.8 
15b OD = Tone? "AT 88n? “TT T Bre sh In? ee) 


Using (2.5) we get the Rényi mutual information organized by the large central charge 
IO = Ih + IN) +07: (2.9) 
with the leading part I} equaling 7$! (ZI) and the next-to-leading part IN} (o) equaling i (2.2). 


2.3 Contributions of T, J in SCFT 


By adding the contributions of J, we have to consider the extra quasiprimary operators that are counted as 


1 2412n-1 3 + 26n? + 59 10 
(1 — 2)x% (x2) — 1) = nae + mney + ne timi, + BEU EE + O(«°), (2.10) 


with yo) being (AI) and x1) being (A.6), and they are listed in table P] Only a few of them contribute to the 


Rényi mutual information. For the relevant operators we have the normalization factors 


a Ac? c?(c +2) 4c?(c — 1)? 
(3's = —, Q = = Q — =) Q = — 
IT= 5 I(JJ) 9 JK 18 MM 31 
3 2c3(c — 1) cA 20c? 
ie — L = = — 2.11 
ATIT = 731 CIM BD? IIIT = gp MUJ) 7 (2.11) 
and the OPE coefficients 
dP- 3 1 jı j2 3 Cjijə a = n—1 1 Jj = 9 = 
= 2 > WIT 3 — re. 4 
4n2c Si jo (JJ) ~~ 8n3¢ Si jg ~ 16n4ec Si js 32n4c(c — 1) s4 Si ja 
1 6 1 n?—-1 1 ioi 9 1 
= = (s 2 2. 2 i aT = 2 ga? (2.12) 
16n4 Cs Si ja Six js L j2j3 16n4c? Sji js Sjzjs 
diii — _ 9 ( 1 P 1 n 1 ) di = 3 (> 15 als =) 
4 Or, wae 2 2 2 a2 , PTA —— ]; 
16n4c? j1d2 jaja jaja Sjzja jija > jogs oa ~-160n4c Shin Sji jo 


4 
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2 


z 

i 
M 
J a 


n(n? +26n?+59n+10) 


Table 2: Extra holomorphic quasiprimary operators in SCFT” after adding contributions of J. As in [8I], we 
use the notations I(JJ) = JiðJ —idJJ, ITI(JJ) = 0JdJ — 4(JƏ? J + & JJ), and the ones similar to them. In 
the 3rd column we use v or x to denote whether the operators contribute to the Rényi mutual information or 
not. The 5th column agrees with the counting in (2.10). 


with the definitions s;,;, = sin Gir, Cjiija = COS Gir, and the ones similar to them. Considering the 


relevant operators in table {1} and table R| we get the Rényi mutual information organized by the large central 
charge 


Ne iF + Le (0,0) +: (2.13) 
Here the leading part I} equals I‘! (Z.I) and the next-to-leading part 


pia = Ib loop Æ Ib loop 


(01) — *n,g n,v , (2.14) 


with 7110P being (2.2) and 771° being (2.3). 
2.4 Contributions of T, J, G and H in SCFT 


By further adding the contributions of G and H, we have to consider the extra quasiprimary operators that are 


counted as 
(1—2)x(0)X(1) (X32) — 1) = 2na”? + 2n?25/? + n(2n —1)23 +n? (n+5)27/? +n(2n? +n41)2*+O(2/?), (2.15) 


with yo) being (A.J), xa) being and x 37/2) being (A.15), and they are listed in tableB] For the relevant 


operators we have the normalization factors 


O _ 16c? B 16c’ _ o 32c (2.16) 
AGG = QHH = 9” QJGH = a7” Q1(GG) = QI(HH) = 3 . 
and the OPE coefficients 
n 3i 1 joj 9 1 3i c 
qi? = — i192 Za ENS, AJ2IS = o — n qis72 = = di? jude DAT 
oe a 32n3c s3, TCH 6AN? sae TCO IHH) ~ 64n4e SF j oe 
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; 2n? 
i JG, JH 2n(n— 1) 


GG, HH 
B, C, Fi, Fay Fa, Fa 


TG, TH, MG 
x 6n(n — 1) 
MH, JD,, JD» 


JIG, JJH n( 


I(JG), I(JH) 2n(n — 1) 


D, Tay Ta 1a 


JGH n(n —1)(n — 2) | n(2n?+n+1) 
n(n = 1)(n = 2) 
I(GH) 
M(GG), I(HH) 


Table 3: Extra holomorphic quasiprimary operators in SCFT” after further adding contributions of G and H. 
The 5th column agrees with the counting in (2.15). 


Considering the relevant operators in table [] table [2] and table B] we get the Rényi mutual information 
en) = T} F Tass) T TN 0.1,3/2) pa (2.18) 
Here the leading part I? equals I‘! (Z.T), the next-to-leading part 
T t0,1,3/2) = T a aa + Da (2.19) 


with I1 oP being (2.2), 1710P being (2.3), and 7110P being (2.4), and the next-to-next-to-leading part is 


1 2_4 4 4 2 4 
(n+1)(n )(n* + 40n? + 679)a 40 


NNL — 5 
Th,(0,1,3/2) = ———392400en? (x°). (2.20) 


3 Rényi entropy of one interval on torus 


In this section we investigate the Rényi entropy of one length ¢ interval on a torus with low temperature. The 
SCFT on torus is just the theory on a circle in thermal state. We expand the Rényi entropy by q = exp(—273/L), 
with 6 being the inverse temperature and L being the spatial period, to order q?. In supergravity side we use 


the method in [525], and in SCFT side we use the method in [24][25]. 


3.1 Supergravity result 


The classical part of holographic Rényi entropy is [525] 


a _ e(n+1) L wey en—1(n+1)? . 4 ml o 3 
Ss = ia log (— sin =) (SS sin ST +0(¢°). (3.1) 
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The one-loop correction to holographic Rényi entropy from graviton is [I5] 


o0 2n /1 sinf% 
Sii P= I (= = 1) g + Olè). (3.2) 
te n* sin aL. 
For the vector field we get 
2n 1 sin? = 2 sin? 2 we Qn Tl 
l-loop _ _ rr De Sa ie 2 20% Sone Rois 
Snu = “(4 sin? #2 1)a+ ee (» cos” > — nsin- cot aL (3.3) 
+2 wh > 4 re n-li 
sin“ > TE 3 sin F 1 1 3 
Te L (cost TE + 2)) + L (st sag) - 5]? 010}. 
sin? Z nL 4 2n4 2 (sin? 22 — sin? = sinf 22 2 
For the two gravitinos we get 
‘lowe 4n (1 sin% 3/2 5/2 
Say = | 73 .:,3 nl 1 q + O(q J; (3.4) 
n n? sin? T% 


3.2 Contributions of T in SCFT 


In this subsection we consider the contributions of only the vacuum conformal family and repeat the calculation 


in [24)[25]. One has the density matrix in expansion of low temperature 
q? 3 
Pvac = |0) (0| + mm + O(@"). (3.5) 


Denoting the interval by A and its complement by B, one gets the Rényi entropy 


1 n  2n (tra[tre|T)(T|(tre|0)(0|)"—4] 
5) = — log tr4(trp|0)(0|) — eee 2 + Olè). 3.6 
n n— l g ra( rp| ) 1) m=i artra(tre|0) (0)) q (q ) ( ) 
From the state operator correspondence one has 
tra [tra T) (TIte) (0)"—=] _ (P(T O)er a3 


artr a (trp|0)(0|)” 7 aT 


The n-fold complex plane C” with coordinate z can be mapped to a complex plane C with coordinate f by the 


conformal transformation 
z — eitt/L 1/n 
flz) = (- Z <r) (3.8) 
Then one gets 
(T(c0)T(0))en _ c(n?-1)? arl | 1 sw% 


2 me l l 3.9 
ar isnt né sin? 22 (3.9) 


The Rényi entropy can be organized by large central charge as 


with the leading part Sr (o) equaling S€! (B) and the next-to-leading part ay equaling Spe (8.2). 


3.3 Contributions of J in SCFT 


Adding the contributions of J, we have to add the density matrix (8.5) by 


2 2 
pr = HJJ +m) (mM + Ja) (0J| + 0(@°). (3.11) 
QJ AM QƏJ 
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We get the extra contributions of J to the Rényi entropy 
gf = - 2%, (Cee _ 5), 4 [Wed Mien , (ON2}0H0) a 


n—-1 


n ( (J(oo) F (0))en \? | 1 FS (Iœ) IO) J (003) IO s))en _ 3] 2 
a L E (12) 


With some calculation we get 


z£ (M(co)M(0))en 1 sinf 3 


. ? . ? 
QJ n2 sin? z aM n sint GJA 


OJ(co)AT(0)\en 2 sin? 24 2 sin? 24 l 1 
OAOD = L L G oe ee (cos? ia D) 
4 L L nL sin? 26 


Qas E nf sin ar 
(J (00) I(0)I(00j)J(0j))en _ we ( 1 DE S =} 
( 


(J(co) T(O))on _ 1 sin? 


2 4 
QJ n 


(3.13) 


sin? zi — sin” + 
Then we reproduce the one-loop gravity result S77°°P (3.3). 


3.4 Contributions of G and H in SCFT 


Adding further the contributions of G and H, we need to add the density matrix (8.5) with (8.11) and 
3/2 3/2 
q q 
pa,# = — |G) (G| + — |H) (H| + 0(@"””). (3.14) 
AG QH 


We get the extra contribution for Rényi entropy from G and H 


g(3/2) = (Sui + (H (00) H (0))c» = 2) gel? 4 O(g?) 


ail 
n— 1 QG QH p 5 


With the correlation functions 
= A M i L (3.16) 


we reproduce the one-loop gravity result oa BJ. 


4 Conclusion and discussion 


In this paper, we have investigated the holographic Rényi entropy in the correspondence of MN = 2 supergravity 
under AdS3 background and two-dimensional M = (2,2) SCFT. For two short intervals on complex plane with 
small cross ratio x < 1 we got the Rényi mutual information to order x*, and for one interval on torus with low 


—278/L {x 1 we got the Rényi entropy to order q?. 


temperature q =e 

Such orders are lower than the previous results in literature, for examples, order x8 for complex plane case 
in [20] and order qf for torus case in [28]. This is because in the present case we have the spin-1 field in 
supergravity side and the current with conformal weight 1 in SCFT side. The small spin in supergravity and small 
conformal weight in SCFT make the calculation to higher orders more complicated. To get higher order results in 
supergravity side we need to consider the contributions of m-CDW’s for the complex plane case and the m-letter 
words in the torus case with m > 3. In SCFT side the number of degenerate quasiprimary operators would 
increase very quickly in higher levels, and the orthogonalization of these primary and quasiprimary operators 


would be very complicated. Although much more complicated, it would be nice if higher order results can be got 


in the future, and perhaps more effective method has to be developed. 
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A Review of two-dimensional V=(2,2) SCFT 


In this appendix we review some useful properties of the M = (2,2) SCFT. More details can be found in [88]. 

In the M = (2, 2) SCFT, we have the stress tensor T(z), T(2), the current J(z), J(Z), and their supersymmetric 
partners G(z), G(Z), H(z), H(2), as well as the operators that are constructed from them. These operators can 
be written as the products of the holomorphic ones and the anti-holomorphic ones, and there is one-to-one 
correspondence between the holomorphic and anti-holomorphic operators. So in this paper we only need to 
consider the holomorphic sector of the SCFT. 


With only T, we get the character of the vacuum conformal family 


Co 


1 
k=0 


The modes of T are denoted by Lm with m € Z, and they form the Virasoro algebra 
(Lm, Ln] = (m — n)Lm4n + alm —~m)bm4n- (A.2) 
The primary operator of the vacuum conformal family is the identity operator. At level 2 we have T with 


normalization factor ar = 5, and at level 4 we have quasiprimary operator 


3 Be +22 
A=(TT)- 5 ?T, o= - (A.3) 


Here we use the bracket ‘()’ to denote normal ordering. Under a general conformal transformation z > f(z), 


they transform as 


T(z) = JPT +e, Al) = fai + EERST) + os), (A) 
with the Schwarzian derivative being 
ant CB To A 
O= ma aF) om 


By adding the current operator J with conformal weights (1,0) we get the bosonic part of the SCF ml and 
we have to multiply the character by 


co 


1 
xy = ÍI Togs (A.6) 
k=0 
The Virasoro algebra is supplemented by 
[Lm Jn] = —NI mtn; [Jm, In| = Emômyn. (A.7) 


3 


1The term ‘bosonic part’ is not so precise, since with the fermionic operators G and H we can also construct bosonic operators. 
Here by bosonic part we mean the sector with operators that are constructed solely by T and J, without G or H. 
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Table 4: Up to level 4 the extra quasiprimary operators because of the adding of J. In the first column we list 
the primary operator of each conformal family. 


Note that the algebra of SCFT bosonic part is close and self-consistent. Besides the ones in vacuum conformal 


block, there are other quasiprimary operators that can be counted as 
(1—2)x(o) (xa) — 1) = x + x? + 20° + 4x* + O(zř). (A.8) 
Among these quasiprimary operators, the primary ones can be counted as 


xw (xa) — 1) 


Tm 1 
k=1 


These primary and quasiprimary operators are listed in table 4] For the primary operator J we have the 


normalization ay = §, for quasiprimary operator K we have 


1 2 
K=(TI)-50J, ax = set ) (A.10) 
and for primary operator M we have 
2 2c(c— 1 
M=(JJ)—3T, om = ae ) (A.11) 
Under a conformal transformation z —> f(z) we have 
I 13 c+2 1 
IE = FIG), Ke) = PKA + EEA). (A.12) 
In this paper we need the structure constants 
c 2c(c — 1) 
Cysg =0, Crazy = 3? CJJM = g” (A.13) 
as well as the four-point function on complex plane 
g 1 1 1 
(J (a) I (22) (23) Sze = Flas t+ ao +t ar) (A.14) 
9 (zz, Z13224 aa 


with the shorthand zjk = z; — Zp. 
By further adding the fermionic operators G and H with conformal weights (3/2,0), we get the SCFT and 
the character is the product of (A.J), and 


oO 


xe = [[ 0+. (A.15) 
k=0 


Note that there are two primary operators at level 3/2 and so there is a power 2 in the right-hand side of the 


above equation. As argued in [80], in large central charge limit we only need to consider the Neveu-Schwarz 


10 
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a 


oo 
Ee FirFa FF | | 
Brna| | ee ee 


Table 5: The extra primary and quasiprimary operators because of the adding of G and H. 


sector for the fermionic operators. We have the modes G,, Hs with r,s € Z + 1/2, and to compose the N = 2 
super Virasoro algebra we need (A.2), (A.7), and 


m m 
[Lm, Gr] = (> = rG mir [Lm, Hr = S ii r)Am+r; 


[Jm; Gr] = Hmtr, [Jm, Hr] = Gmer, {Gr, Hs} = —2(r — 8) Jrts, (A.16) 
2 1 2 1 
{Gr,Gs} = 4Lr4s + Zir? = =)őr+s, {Hr, Hs} = —4Lr4s Zir? 7 )or+s- 
3 4 3 4 
The extra quasiprimary operators can be counted as 
(1 — 2)x(0) Xa) (X(a/2) — 1) = 20°/? + 20°/? + g? + 627/? + 42t + O(a), (A.17) 
among which the primary ones can be counted as 
—1 
X(0) X(1) (X(3/2) ) = 23/2 p Qq5/2 4 93 + 47/2 + 44 + O(a9/), (A.18) 
X 
These operators are listed in table] For G and H we have normalization constants ag = —ay = t , and under 
conformal transformation they transform as 
G(z) = f2G(f), H(z) =f? H(f). (A.19) 
There are useful structure constants 
4c 
Crag = Cjjg = Cjaa =Cinn =0, CjaH = =z (A.20) 


B Some useful summation formulas 


In this appendix we collect some summation formulas that are useful to calculation in section 2] We define 


in m (B.1) 


and we need 


7 (n? — 1) (n? +11) E (n? — 1) (2n4 + 23n? + 191) 
h= — 5 Js= — ya 
— i 4 2 
f- (n? — 1) (n? el + 10n +227) B2) 


11 
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We have 


_ Ann? — 1)(n? — 4)(n? + 11)(n? + 19) 


oe ee 14175 : 
2n(n? — 1) (n? — 4) (n? + 47) 
D o wM (B.3) 
4 Chae 
ye eee 
x Fn 14175 ý 


with definition s;,;, = sin m(j1—32) and the ones similar to it, and the summation is over 0 < j1,2.3 < n — 1 with 


constraints jı Æ jo, jı Æ j3, j2 # j3. We have 


ae _ n(n? — 1)(n — 2)(n — 3)(n? +. 11)(7n3 + 13n? + 93n + 127) (B.4) 
ee jaja 14175 ' 

2 _ An(n? — 1) (n? — 4)(n? — 9) (n? + 119) 
s2 s. 14175 , 


SF Staja a joja 
with the summation being over 0 < j1,2,3,4 < n — 1 and the constraints being jı Æ j2, ji Æ j3, ji Æ ja, J2 F j3, 
j2 # ja, j3 # ja. Finally we have 
> 1 _ 4n(n? — 1)(n? — 4)(3n4 + 170n? — 653) (B.5) 
E E ’ : 
Sji ja Sjaja 5 jaja Sjaj 14175 


with the summation being over 0 < j1,2,3,4 < n — 1 and the constraints being 
ja Fda, j2 $ j3, ja # ja, ja AI (Ja, j2) F (J3, ja). (B.6) 
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